Due to the spectrum congestion of current navigation signals in L-band, C-band has been taken into consideration as a candidate frequency band for global navigation satellite system (GNSS). As is known, modulation scheme is the core part of signal structure, and how to design a modulation waveform that could make full use of narrow bandwidth 20 MHz and satisfy the constraint condition of frequency compatibility in C-band is the main research content of this paper. In view of transmission characteristics and constraint condition of compatibility in C-band, multi-h continuous phase modulation (CPM) is proposed as a candidate modulation scheme. Then the classical channel capacity estimation and a comprehensive evaluation criterion for GNSS modulation signals are employed to assess the proposed scheme in the aspects of the capacity over additive white Gaussian noise (AWGN), tracking accuracy, multipath mitigation, antijamming, and so on. Simulation results reveal that, through optimizing the number and size of modulation indexes, the flexible scheme could offer better performance in terms of code tracking, multipath mitigation, and antijamming compared with other candidates such as MSK and GMSK while maintaining high band efficiency and moderate implementation complexity of receiver. Moreover, this paper also provides a reference for next generation modulation signals in C-band.
Introduction
With the rapid development of global navigation satellite systems (GNSS), namely, GPS, GLONASS, Galileo, and Compass, together with various regional navigation satellite systems and space-based augmentation systems, the number of navigation signals in space is anticipated to be over 400 by 2030 [1] , which will further aggravate an already crowded radio spectrum in L-band (1164∼1610 MHz). Consequently, improving the signal spectral efficiency [2] and providing new bands for radio navigation satellite service (RNSS) are the main means to solve the above problem, and the frequency band between 5010 MHz and 5030 MHz offering a bandwidth of 20 MHz has been already allocated as C-band portion by International Telecommunication Union (ITU) for RNSS applications. Unfortunately, the use of C-band navigation signals offers both advantages and drawbacks [3] . However, technological progress in electronics and spacecraft might balance some of the disadvantages, and C-band has caused great interests as a candidate for the future GNSS services [4] .
Although the performance of signals in C-band is difficult to surpass L-band [5] , signal combination of L-and Cband could improve positioning accuracy and timing performance and promote the comprehensive performance of RNSS [6, 7] . Predictably, the multiband combined navigation and compatibility among different navigation systems will become research hotspots in the future. As is known to all, modulation scheme whose quality completely determines the upper bound of GNSS performance is the core part of signal structure, and power spectrum envelopes decided by modulation waveforms could play a dominant role in tracking accuracy, multipath mitigation, antijamming, and so forth. At present, how to design a modulation scheme that can make full use of bandwidth 20 MHz and satisfy the constraint condition of frequency compatibility is the main challenge subject of C-band signal system.
The compatibility between newly introduced signals in C-band and the existing signals in adjacent frequency bands such as radio astronomy (RA) band and microwave landing system (MLS) must be carefully analyzed before any new band for satellite navigation is put into use [8] .
Mathematical Problems in Engineering
Therefore, band-limited signals or signals with continuous phase should be the first choice for C-band signal system. In addition, the signals are easily distorted due to the nonlinear effect of the high power amplifier (HPA) [9] , and a constant envelope modulation reveals the excellent characteristic that HPA can run in saturation or close to saturation, which could increase the total efficiency of amplification. By the above analysis, a modulation scheme with constant envelope and continuous phase will be a top priority for C-band signal.
Binary offset carrier (BOC) modulation and BOCderived modulations such as multiplexed BOC (MBOC) and alternative BOC (AltBOC) have been already widely accepted by next generation GNSS. Nevertheless, the BOC modulated signals have larger spectral side lobes and are more prone to produce larger interferences with signals of other coexisting navigation systems [10] . Reference [11] has pointed out that minimum shift keying (MSK) can offer better ranging precision within a certain bandwidth and introduce less interference to other signals. Subsequently, MSK, MSK-BOC, and Gaussian-filtered MSK (GMSK) have been proposed as potential candidates for C-band signals by Galileo system. However, the tracking bias of MSK-BOC modulated signals has not been solved effectively so far [12] , and hardware implementation of GMSK is complicated and its tracking performance is hard to optimize. Moreover, MSK and GMSK are the special cases in continuous phase modulation (CPM), but they do not possess the optimal performance in CPM family.
Based on the above problems, a special subclass of CPM, that is, multi-ℎ CPM, is presented as a modulation waveform for C-band signal due to its many excellent characteristics, such as flexible parameter adjusting, high power and spectrum efficiency, a large number of alternative waveforms, and being easily compatible with existing signals. The rest of this paper is organized as follows. Section 2 describes mathematical model and an improved calculation of power spectra for multi-ℎ CPM signals. The capacity of multi-ℎ CPM signals is derived in Section 3. Section 4 provides performance evaluation criterion for GNSS modulation. Simulation results are discussed in Section 5. Finally, we conclude the paper in Section 6.
Multi-ℎ CPM Signal

Mathematical Model.
The complex-baseband multi-ℎ CPM signal is given by
where ( ; ) is the information-carrying phase, denoted as
where is the symbol duration, = { } are the information symbols in the -ary alphabet {±1, ±3, . . . , ±( − 1)}, ( ) is the phase pulse, and {ℎ }
is a set of ℎ modulation index where ℎ is constant in symbol duration . In this paper, the underlined subscript notation in (2) is defined as modulo-ℎ ; that is, ≜ mod ℎ . We always assume ℎ ≤ 1 because power spectra of CPM will behave like BOC signals with spectrum splitting when modulation index is more than one, which goes against compatibility with other signals in relatively narrow bandwidth.
The phase pulse ( ) and the frequency pulse ( ) are related by
The frequency pulse is supported over the time interval (0, ) and is subject to the constraints
When = 1 the signal is called full-response formats and when > 1 the signal is called partial-response formats. Some general pulse shapes are lengthrectangular ( REC), length-raised-cosine ( RC), and Gaussian.
In light of the constraints on ( ) and ( ), (2) can be rewritten as
where the term ( ; ) is a function of the symbols being modulated by the phase pulse. For ℎ = 2 / ( , integers), the phase state − takes on distinct values. The signal is described by a trellis containing −1 states, with branches at each state. Each branch is defined by the ( + 1)-tuple = ( − , − +1 , − +2 , . . . , ).
Easy Calculation of Power Spectra.
Reference [13] provides an easy method which allows a fast calculation of the spectra of -ary multi-ℎ CPM signals under the general hypothesis of (1) -ary symbols ( a power of 2); (2) arbitrary pulse shaping; (3) partial response signaling; (4) an arbitrary set of modulation indexes. The procedure of the easy method is as follows.
Let̃( ) = exp{ ( )} be the complex envelope of the transmitted signal ( ). To find the baseband equivalent̃( ) of the power spectrum ( ) of the signal ( ), we use the socalled "autocorrelation-based" approach.
The autocorrelation function of̃( ) is defined as
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As we know, ℎ + = ℎ and = superbaud period and the independence of the data symbols; we are able to put ( 1 , 2 ) in the form; that is,
where
The process̃( ) is cyclostationary in the wide sense with period and average autocorrelation is expressed as
It is seen that ( , ) = 1 when , ≥ ( + − 1) or , ≤ 0. The number of factors in (7) can be reduced and (9) is rewritten as
The power spectral density (PSD)̃( ) can be derived from̃( ) by Fourier transform (FT); that is,
, and R(⋅)denotes real part of complex.
In this paper, we always assume the spread spectrum code rate and in all schemes are equal to 5 × 1.023 MHz and 2, respectively. The PSD of CPM signals with different parameters are shown in Figure 1 . As seen in Figure 1 , the CPM signals using RC pulse can effectively decrease PSD amplitude of side lobes and concentrate more energy into main lobe compared to REC pulse when the modulation indexes are the same. Moreover, it is noteworthy that energy in main lobe tends to be more centralized and decay rate of side lobes is almost the same when the average of all elements in set {ℎ 1 , ℎ 2 , . . .} is getting larger. In terms of main lobe energy, the CPM signals with RC or REC are more concentrated than GMSK. Also, power fluctuation of side lobes in GMSK decays faster than CPM signals with REC, inferior to CPM adopting RC pulse.
The PSD of modulated signals have a direct effect on tracking performance, ability of multipath mitigation, and antijamming. Particularly, the PSD of modulated signals should have the following characteristics in order to meet the strict compatibility condition constraints of the C-band: (1) the majority of power should be concentrated into the main lobe; (2) a stronger spectrum roll-off in side lobes should be provided in order to significantly cut down spectrum leakage or interference to RA and MLS services.
In the CPM family, multi-ℎ CPM signals as a special subclass still maintain all of excellent properties just as a general CPM. In addition, a properly chosen cyclic set of modulation indexes results in delayed merging of neighboring phase trellis paths and, therefore, provides a larger minimum Euclidean distance than conventional single-ℎ CPM, which leads to improving error performance and making its spectrum more compact, and out-of-band rejection better. Under the condition of limited bandwidth and power, just as satellite navigation systems, multi-ℎ CPM has more excellent transmission performance than single-ℎ CPM [14] . By the above analysis, "flexible" means that a particular multi-ℎ CPM can be designed according to some restrictions in some practical systems through optimizing the number and size of modulation indexes.
Capacity of CPM over AWGN Channel
Modern satellite navigation systems employ high efficient channel codes which operate very close to capacity. This makes the channel capacity an effective parameter in evaluating the performance of a modulation scheme. It has been shown that a CPM modulator can be decomposed into a continuous phase encoder (CPE) followed by a memoryless modulator (MM). Since the CPE is Markov, the CPM modulator can be described by a finite-state machine (FSM) with −1 states, which is ergodic and stationary. Thus the CPM modulator together with AWGN channel can be modeled as a FSM channel (FSMC) shown in Figure 2 , and the capacity of CPM is the mutual information between the input and output sequences of FSMC [15] .
Suppose ( 0 , 1 , . . . , −1 ) is the transmitted symbol sequence and ( 0 , 1 , . . . , −1 ) is the received sequence of symbols. Let denote the sequence of symbols , +1 , . . . , . Let (
) denote the mutual information between the transmitted and the received sequences. Then, the channel capacity can be calculated as
From the chain rule of entropy
where ( | −1 0 ) = ( ) is used. Because input is independent and uniformly distributed (i.u.d) over constellation points, ( ) = log 2 , and all that remains to be calculated is ( |
). From the definition of conditional entropy,
The above expectation can be found using Monte Carlo integration. To compute the probability ( |
), we first apply Bayes' rule to obtain the following equation:
Similar to [16] , a BCJR-like method can be used to compute ( , ) are shown in [17] . It is obvious that approximate estimation of channel capacity is derived from (12)∼ (14) , and computational complexity of (14) is reduced from exponential order of to linear due to BCJR introduced into Arnold algorithm. According to Monte Carlo theory, the approximate estimation of channel capacity is infinite approaching to true value when length of is closing to infinite. In fact, the deviation of channel capacity descends with the increasing of and tends to be stable when is larger than 5000. Figure 3 shows the channel capacity of different CPM signals with 2RC. We can see from Figure 3 that capacity is gradually improved with the increasing of when modulation index is fixed at a certain value. Under the same condition of , the greater average of all elements in set {ℎ } is, the earlier channel capacity converges. That is to say, / 0 required to achieve the same capacity is getting smaller with the increasing of average of all elements in set {ℎ } if other conditions are the same. For instance, the channel capacity of signal with h = {1/2, 1/4} has to be intermediate between ℎ = 1/2 and ℎ = 1/4 when is the same.
Performance Evaluation for Modulation Signal
Generally, an excellent performance evaluation criterion for modulation signal is characterized by objectivity, accuracy, comprehensiveness, adaptability, and so forth. A rather comprehensive performance evaluation method for GNSS modulation has been proposed by [18] , and the tracking accuracy, multipath mitigation, and antijamming performance are used as performance evaluation standard, which provides significant references on satellite navigation signal design. Next, we will expound the above performance indexes one by one.
Tracking Accuracy.
Gabor bandwidth and code tracking errors can be used as the reference indexes for evaluating the tracking performance. Based on a coherent early-minus-late Mathematical Problems in Engineering 5 (EML) code tracking loop, the code tracking errors in AWGN channel are defined as follows [19] :
where denotes the tracking loop bandwidth, ( ) is the PSD of the signal that is normalized to unit power over infinite transmission bandwidth and symmetric to the carrier frequency, denotes the correlation time spacing between the early and late reference signals, / 0 is the carrier-to-noise ratio (CNR), is the receiver prefiltering bandwidth, and is the coherent integration time.
Assuming that the signal is ideal and is small enough, (16) in the limit defined as is vanishingly small and becomes
with
where 2 CRB and Δ Gabor are referred to as the Cramér-Rao lower bound and Gabor bandwidth, respectively.
From (17), it is obvious that the Gabor bandwidth can be approximately interpreted as Cramér-Rao lower bound and the greater the Gabor bandwidth, the better the code tracking accuracy.
Multipath Error Envelopes.
The multipath errors are one of the dominant error sources in GNSS. The multipath error envelopes and average multipath errors are valuable indexes to evaluate the multipath mitigation ability. The received baseband signals disturbed by other reflected signals can be expressed as follows [20] :
where 0 , 0 , and 0 are the amplitude, delay, and phase of the direct signal. Likewise, , , and are the amplitude, delay, and phase of reflected signals, and denotes the number of reflected signals. If we only consider one reflected path and use a coherent EML discriminator, the discriminator output can be described as follows [21] :
where Δ and Δ are the delay and carrier phase difference between the multipath and direct signals with Δ = 1 − 0 and Δ = 1 − 0 separately, and R(⋅) and denote autocorrelation function of the signal and the multipath errors, respectively. To explore the theoretical lower bound of the multipath errors, the cases Δ = 0 and Δ = corresponding to the worst multipath errors are considered. By the definition of the Maclaurin series, (20) can be simplified as
According to the Wiener-Khintchine theorem, (0) and (0) can be obtained by substituting "0" into (20) and the corresponding first-order derivative; that is,
By combining (21)∼(22), the multipath error envelopes can be estimated eventually by
with̃multipath to direct ratio (MDR); namely,̃= 1 / 0 . The corresponding average multipath errors can be given by
where 0 (Δ ) and (Δ ) are the multipath errors under the conditions Δ = 0 and Δ = .
Antijamming.
The narrowband-jamming and matchedspectrum-jamming are the main threats to the pseudocode and carrier tracking as well as the demodulation process. In order to effectively evaluate the antijamming ability of navigation signals against the above interferences, the paper introduces four parameters, including anti-narrowbandjamming merit factor DemAJNW and anti-matched-spectrum-jamming merit factor DemAJMS for the demodulation process, and the anti-narrowband-jamming merit factors CTAJNW and anti-matched-spectrum-jamming merit factor CTAJMS for the code tracking process [22] . They are defined as
] (dB) ,
(dB) ,
where ( ) and are the PSD of the desired signals and symbol rate separately. Also, the greater the merit factors, the stronger the antijamming abilities.
Simulation Results and Analysis
In order to test the validity of multi-ℎ CPM as a candidate modulation for C-band signals, we employ Monte Carlo simulations to evaluate the candidate's performance in the aspects of tracking accuracy, multipath mitigation, and antijamming. The parameters in all simulations are listed in Table 1 ; as is mentioned above, is the receiver prefiltering bandwidth and is equal to 20.46 MHz, / 0 is the carrierto-noise ratio (CNR) in AWGN channel and limited in scope [20, 40] dB⋅Hz, multipath to direct ratio (MDR) is set as −6 dB, Δ is the delay between the multipath and direct signals and is within 0∼300 m, the correlation time spacing between the early and late reference signals is 0.1 chip, and tracking loop bandwidth is 1 Hz. Figure 4 displays the Gabor bandwidth of CPM signals with different parameters. As we see from Figure 4 , the Gabor bandwidth of CPM signals with RC is larger than others with REC in the same condition of modulation index when is varied from 0 to 25 MHz. If other parameters of CPM signals are identical, the large average of all elements in set {ℎ } leads to a great Gabor bandwidth. The Gabor bandwidth order is as follows when is fixed at 20.46 MHz: The relation curves of code tracking error and / 0 are shown in Figure 5 . Obviously, the code tracking error of all CPM schemes is descending with the increasing of / 0 and tends to be stable when / 0 is more than 32 dB⋅Hz and all other parameters are the same as the previous simulation. The code tracking error of CPM signals with RC is relatively small compared to other CPM signals with REC in the same condition of modulation index. In addition, the large average of all elements in set {ℎ } results in a small code tracking error Figure 6 shows the relation curves of multipath error envelopes of different CPM schemes and path difference that is product of Δ and velocity of light. In Figure 6 we observe that the multipath error of CPM signals with RC is smaller than other CPM signals with REC in the same condition of modulation index when path difference is in the region of 1 to 150 m. Similarly, a great average of all elements in set {ℎ } tends to be a small multipath error if other parameters of CPM signals are the same. When path difference is varied from 1 to 60 m, the CPM signal with RC/h = {1/2, 3/4} has the best performance of multipath mitigation in the above schemes, and GMSK is superior to other scheme in the region of 60 to 150 m. Figure 7 shows the comparison of antijamming of CPM signals with different parameters. As we see from Figure 7 , in the aspect of DemAJNW , GMSK has the best performance in all CPM schemes, and the CPM signal with RC/h = {1/2, 3/4} has almost the same performance as that with REC/h = {1/2, 3/4}, but both of them are inferior to GMSK. In the aspect of CTAJNW , the CPM signal employed RC/h = {1/2, 3/4} has the best performance in all CPM schemes. In the aspect of DemAJMS , the CPM scheme adopted RC/h = {1/2, 3/4} parameter has better performance than others, inferior to GMSK. In the aspect of CTAJMS , the CPM scheme with RC/h = {1/2, 3/4} has the equivalent performance to GMSK, and both of them are superior to others. After the above analysis, we can obtain that the CPM scheme with RC/h = {1/2, 3/4} is relatively close to GMSK in terms of antijamming ability. If we continue to rationally adjust modulation index set, there must be an optimized multi-ℎ CPM signal whose antijamming performance is superior to GMSK. 
Conclusions
Multi-ℎ CPM signals as a special subclass in CPM family still maintain all of excellent characteristics just as a general CPM, such as constant envelope, high power, and bandwidth efficiency, suitable for adopting HPA. Besides, they also have some unique properties, that is, flexible parameter adjusting, a large number of alternative waveforms, being easily compatible with existing signals, and deployment capabilities of multiband and multifrequency and so on. Therefore, multi-ℎ CPM will bring extensive application prospects for future GNSS signals.
According to transmission properties and the constraint condition of compatibility in C-band, multi-ℎ CPM is proposed as a candidate modulation waveform for C-band signals, and a proper tradeoff among channel capacity, band efficiency, navigation performance, and implementation complexity of receiver can be realized by optimizing modulation indexes. Simulation results show that multi-ℎ CPM signals not only provide better performance in terms of tracking accuracy, multipath mitigation, and antijamming compared to MSK, GMSK, and other single-ℎ CPM signals under the constraint on transmitted bandwidth in C-band, but also have relatively high channel capacity and band efficiency while taking into account receiver complexity. Furthermore, the proposed modulation scheme could offer new ideas and feasibility demonstration for signal system design of next generation GNSS.
